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Polynomial Structure of Topological String 
Partition Functions 


Jie Zhou 


Abstract We review the polynomial structure of the topological string partition 
functions as solutions to the holomorphic anomaly equations. We also explain the 
connection between the ring of propagators dehned from special Kahler geometry 
and the ring of almost-holomorphic modular forms dehned on modular curves. 


1 Introduction 


The last few decades have witnesse d many exc iting developments and applications 
of mirror symmetry IIGre961 ICK99I lHKK+031 IAlil2l . One of the prominent appli¬ 
cations is using mirror symmetry to predict Gromov-Witten invariants initiated by 
the celebrated work OCdLOGP91l . 

Consider a smooth Calabi-Yau (CY) 3-fold A sitting in a family of Calabi-Yau 3- 
folds 7t:^^ ./#, where ^ is the moduli space of complexihed Kahler structure^ 
of X whose dimension is The generating function of genus g Gromov- 

Witten invariants gives the following quantity dehned on the moduli space 

4(0= E (1) 

pGHiiX,!}) 


where 


iP’Hx) k _ 

i=l ;=1 


Jie Zhou 

Department of Mathematics, Harvard University, One Oxford Street, MA 02138, USA, e-mail: 
jiezhou@math.harvard.edu 

* Throughout this note, we shall simply call them Kahler structures by abuse of language. 
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Here 

• {®!},=i the generators for the Kahler cone in the moduli space ^ of 

Kahler structure of X ; 

• t = ^ are local coordinates on the moduli space 

• j3)]™ is the virtual fundamental class of the moduli space 
of stable maps of genus g and class j3 with k markings; 

• , 7 = 1 , 2 , • • • k are the evaluation maps : 7 P) ^ X. 

The quantity defined in Eq. ([T]i is a priori only a formal series defined near the point 
e'' =0,i = 1,2, •• • (X). That it represents a well-defined function is due to the 

mirror symmetry conjecture which we shall review below. An alternative way to 
write the above generating function Fg{t) in which the Gromov-Witten invariants 
appear naturally is the following 

Fg{t)= Y. (2) 

lieH2{x,z) 

Note that in this formula (X) is independent of t but depends only on the generic 
member X in the family, this results from the fact that the Gromov-Witten invariants 
are deformation invariant. 

The mirror symmetry conjecture predicts that for the CY 3-fold family (A-model) 
n : 3F ^ ^ ^ there exists another family (B-model) of CY 3-folds n : 3F ^ ^ 
satisfying the following properties: 


Mirror symmetry conjecture 










The moduli space ^ of Kahler structures of X is identified with the moduli space 
^ of complex structures of a smooth CY 3-fold X called the mirror manifold. 
This implies in particular that /i* * (Y) = dim^ = dim./# = h^’^{X). 

There exist distinguished coordinates t = ' and t = called 

canonical coordinates (see OBCOV94I ) so that the map t = t gives the identifica¬ 
tion ./# = ./#. This map is called the mirror map. In practice, one first matches 
some distinguished singular points on the moduli spaces, for example, the large 
volume limit on ./# and the large complex structure limit on ^ (see Section 
12.2b . then one identifies neighborhoods of these singular points by matching the 
canonical coordinates on the moduli spaces. 

For each genus g, there is a function Fg{t) defined on the moduli space ./# so that 
under the mirror map, it is identical to Fg (J). 

Moreover, topological string theory tells that the more natural objects one should 
be looking at on both sides are some non-holomorphic functions 
and which are again identical under the mirror map. These quanti¬ 

ties are called topological string partition functions. The “holomorphic limits” 
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IIBCOV931IBCOV941I of the normalized partition functions give rise to the quan¬ 
tities Fg{r) and Fg{t), respectively. 

Determining the function is usually much easier than computing the 

Gromov-Witten invariants appearing in the generating function Fg{t), since the latter 
requires a careful study of the moduli space of stable maps which is in general very 
complicated (see e.g., IIKon95l IGiv981 ILLY99I ). while the former satisfies some 
recursive differential equations called holomorphic anomaly equations OBCOV94I 
which are relatively easier to handle, as will be discussed below. These differential 
equations and the corresponding boundary conditions were derived from physics, 
but can be formulated purely in terms of mathematical language. 

The general idea of counting curves via mirror symmetry is as follows. First one 
takes the holomorphic anomaly equations with boundary conditions as the defining 
equations for the topological string partition functions Then one tries to 

solve for them from the equations. After that one normalizes them and takes the 
holomorphic limit at the large complex structure limit to get Fg{t). Finally one uses 
the mirror map t = t which matches the large volume limit with the large com¬ 
plex structure limit to obtain Fg{t), and thus extract the Gromov-Witten invariants 
Ag p (A) from Eq. In this way, via mirror symmetry, counting curves in the CY 
3-fold X is translated into solving the holomorphic anomaly equations on the mod¬ 
uli space ^. Interested readers are referred to IIBCOV93IIBCOV941 for details on 
this subject^ 

This note aims to study some properties of the holomorphic anomaly equations 
and the solutions. The plan of this note is as follows. In Section [2] we review the 
basics of special Kahler geometry and holomorphic anomaly equations. In Section 
[2 we explain the polynomial recursion technique and show how to solve the topo¬ 
logical string partition functions genus by genus recursively from the holomorphic 
anomaly equations. In Section|4] we discuss the similarity between the ring of prop¬ 
agators and the ring of almost-holomorphic modular forms. We conclude this note 
in Section |5] 

This introductory note is based on the lectures that the author gave in the Con¬ 
centrated Graduate Courses for the Fields thematic program Calabi-Yau Varieties: 
Arithmetic, Geometry and Physics at the Fields Institute in Toronto. None of the 
material presented in this note is original and the author apologizes in advance for 
everything that may have been left out or not been attributed correctly. 
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2 See also IMM99IIKKV99IIKZ99IIKKRS05IIYY04IIKM08I |HKQ09| IABK08IIHK07I lALOTl 
IGKMWOVllALMlOIIHKROSllHKlOllS^krniASlIllKMWDllASYZTTr for related works. 




















4 


lie Zhou 


etxy and Physics at the Fields Institute, and the Fields Institute for providing an 
excellent research atmosphere and partial financial support during his visiting. 


2 Holomorphic anomaly equations 

In this section, we shall first review briefly the special Kahler geometry on the defor¬ 
mation space of CY 3-folds and the basics of classical genus zero mirror symmetry. 
After that we shall display the holomorphic anomaly equations satisfied by the topo¬ 
logical string partition functions. 


2.1 Special Kahler geometry 

Consider a family n : 3^ ^ .JK of CY 3-folds ^ over a variety 

parametrized by the complex coordinate systemz = For a generic z G 

the fiber is a smooth CY 3-fold. We also assume that dim,/# = /r' T33^) for 
a smooth 33^, where is the holomorphic tangent bundle of 33^. In the follow¬ 
ing, we shall use the notation X to denote a generic fiber 33^ in the family without 
specifying the point z. 

In the examples discussed in this note, the smooth CY 3-fold Y is toric in nature, 
i.e., it is a hypersurface or complete intersection in a toric variety, and the variety 
,/# will be the moduli space of complex structure of X which can be constructed 
torically. 

The variation of complex structure on X can be studied by looking at the periods 
according to the general theory of variation of Hodge structures. They are defined to 
be the integrals FI = where C G H^{3fz,Z) and £2 = is a holomorphic 
section of the Hodge line bundle 33 = on ,/#. They satisfy a differ¬ 

ential equation system 3£qx FJ — 0 called the Picard-Fuchs equations induced from 
the Gauss-Manin connection on the Hodge bundle 

= = 3g^nM^^^ = 33®330T.y£®33^T.Jf . (3) 

The base ,/# of the family is equipped with the Weil-Petersson metric whose Kahler 
potential K is determined from 

QzAQz, (4) 

where as above Q = {32z} is a section of the Hodge line bundle The metric 
Gjj = didjK is the Hodge metric induced from the Hermitian metric !i{Q,Q) = 
/f2 Af2 on the Hodge line bundle 33. This metric is called special Kahler metric 
OStr90IIFre99ll . Among its other properties, it satisfies the following “special geom- 
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etry relation” 

-R.f, = df^ = 5fG,j+8^G,j-Cii„Cf, iJXl = 1 , 2 , ( 5 ) 

where 

Cijk{z) = -[ Q^Adidjdi,n. (6) 

is the so-called Yukawa coupling and 

^/nk 2K r^kk r^mm/n\ 

Cj =e G G Cji,^. (7) 

Note that Cijk G and it is symmetric in i,j^k by defini¬ 

tion. Integrating Eq. (|5]l, one then gets the “integrated special geometry relation” 

= 5]Ki + 5^Kj - CijrnS'^'^ + s'lj , ( 8 ) 

where 5'"^ is defined to be a solution to daS'”^ = Q"*, and s^j could be any holo- 
morphic quantity. There is a natural covariant derivative D acting on sections of the 
Hodge bundle Jif = it is induced from the Chern connection associ¬ 

ated to the Weil-Petersson metric and the connection on induced by the Hermi- 
tian metric h = . For example, on a section TJ of Sym®^7’.^(g)Sym®^7’*.^(g) 

.if"’ (g) Jf", where I = {!i,! 2 , • • ■4},7 = • • • ji}, one has 


DiTj 

DjTj 


irel 

~djTj + nKjTj, 


E +mKiTj, 

js£J 


where " means the index is excluded. We have similar formulas for tensors with 
anti-holomorphic indices. 

Eq. (|5ll implies that there exists a holomorphic quantity ^ G F(./#,.if^) called 
prepotential such that 

Cijk = DiDjDk^. (9) 

See OStr90llFre99l IHos 1^ for details on this. 


2.2 Variation of Hodge structures and genus zero mirror symmetry 

Among the singular points on the moduli space there is a distinguished point 
called the large complex structure limit. It is mirror to the large volume limit (in 

terms of the coordinates in Eq. ([T]i, the point is given by setting all f's to 

infinity) on the mirror side (A-side) and is a maximally unipotent monodromy point 
MMor93l . It plays a special role in genus zero mirror symmetry. The asymptotic be¬ 
havior of the period map near this point can be studied using the theory of variation 
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of Hodge structures, see IISch73l for the mathematical foundation and IICdLOGP91l 
(also IICK99IIGHJ03I for nice reviews) for applications of this in mirror symmetry. 

Assume the large complex structure limit is given by z = 0. Near this point, the 
solutions to the Picard-Fuchs system H = 0 could be obtained by the Frobenius 
method and have the following form 

iX°X‘,Pa,Po) =X°{l/‘,d,aF{t),2F-t“dtoF{t)), a=l,2---dim^, (10) 

where 7£'‘’(z) ^ 1 + i^(z), while f" ^ (l/2;r/)logz^ +regular near z = 0 gives lo¬ 
cal coordinates on the punctured moduli space ^ — {z = 0}. The existence of the 
holomorphic function F{t), called prepotential, and the above particular structure 
of the periods result from the special Kahler geometry on The coordinates 
t = jjj canonical coordinates based at the large complex struc¬ 

ture limit, see OBCOV93IIBCOV941 for details on this. The prepotential F here is 
related to the previously defined quantity by F =Xq^^ Gr{^,X)- 

One can easily solve for the Yukawa couplings CijX) from the Picard-Fuchs 
equation, see e.g., IICK991IGHJ03I . The normalized (so that after normalization it 
gives a section of .5f**) Yukawa coupling in the t coordinates is then given by 




F = 


X. 


dz‘ dz^ dz'^ 


dF dtb dF 




( 11 ) 


By equating the normalized Yukawa couplings from both the A-side and the B-side, 
one can establish genus zero mirror symmetry under the mirror map t = t: 


oo 

Cjafbfc = tQ/fee + ^ dadjjdcNQii^ii^ii^e " , (12) 

lieH2{x,z) 


where Kahc = U cUi U Wc is the classical triple intersection number of the mir¬ 
ror manifold X of X, da = Jp (Oa, and 1® the same as the quantity p in 

Eq. (|2ll. This prediction has been checked for many CY 3-fold families by directly 
computing ^ using techniques from the A-side, e.g., the localization technique 
IIKon95ll . 


2.3 Holomorphic anomaly equations 

According to IIBCOV93IIBCOV941 . the genus g topological string partition func- 
tioijl ,^l^lis a (smooth) section of the line bundle over ./#, it is shown to 

satisfy the following holomorphic anomaly equation^: 


^ The quantity is really a section rather than a function, but in the literature it is tenned 
topological string partition function which we shall follow in this note. 

^ In this note, we shall use dj and d; interchangeably to denote ^ for some local complex coordi¬ 
nates z = {z' If™' ^ chosen on the moduli space 
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= ^-Cj,iCj + (1 - (13) 

g>2, (14) 

where X is the Euler characteristic of the mirror manifold X of the CY 3-fold X. 

As we shall see below, any genus can be determined recursively from these 
equations up to addition by a holomorphic function called holomorphic ambi¬ 
guity. Boundary conditions on the (global) moduli space are needed to fix the holo¬ 
morphic ambiguity . What are commonly used are the asymptotic behaviors of 
at the singular points on the moduli space see IIBCOV93IIBCOV94llGV95l 
IHK07l[HKQ09l . 




G-i 


.'■=1 


3 Polynomial structure of topological string partition functions 

We now shall explain the polynomial recursion technique which was developed in 
OYY041IAL07I to solve the holomorphic anomaly equations in Eqs. (fT3lfT4l) . 


3.1 Propagators 

Eirst let us try to solve for genus one and two topological string partition function 
from the holomorphic anomaly equations, we shall see in the sequel why it is con¬ 
venient to introduce the so-called propagators. 

Consider the genus one topological string partition function, in order to solve 

one needs to turn the right hand side of the equation into a total derivative (with 
respect to dj). This then leads to the following definition of the propagator 

djS'‘‘ = Cj‘. (15) 

Note that this implies in particular that is a (non-holomorphic) section of .if ® 

Sym^r./#. Then we get 

= dj + (1 - . (16) 

Erom this one can see that there exists some holomorphic quantity called genus 
one holomorphic ambiguity so that 
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(17) 


The above genus one result is proved rigorously in mathematics for a large class of 
Calabi-Yau manifolds, see BFanOSIIZinOSI IZin09l |Pop 1 3| for some progress. 


Now let us proceed to genus two holomorphic anomaly equation. Recall that 

^(1) 

is a section of we know Hence the holomorphic 

anomaly equation for genus two simplifies to 




Again one needs to turn the right hand side of the equation into a total derivative. 
Note that is symmetric in j,k, using Eq. (flSl l and integration by parts, we then 
get 


' -”-' ^ ^ . 

I n 

'-V-" '-V-' 

III IV 

Then we can plug in the special geometry relation Eq. (|5ll, the integrated special 
geometry relation Eq. ®, the holomorphic anomaly equation for ,^('1 given in 
Eq. (fTSl l and Eq. (fTTl i to simplify the above expressions I — IV. Eor simplicity, we 
shall denote C;^ := 1 — The terms I,II,III,IV are given by 

I = _sj\^Cj„rndjS'’"’ +CxdjKj){^CkrsS''^ ^ 

= - ^C^Cp,ndjS'”"S^^Kk - j,„ndjS"'"Sj'‘ 

- ^CxCkrAKjS^’^S'-^ - cldjKjS^^Kt - 

II = + 

III = \si'^{8’djKk + SldjKj - +C;,/:/ +//')), 

IV = ^Sj'^i5‘Kk + 5tKj-CjkpSP'+s'p)i^Q„,ndiS"^'^ + c^^^^^ 


Now we think of all the terms as formal polynomials in S^^,Kj and their holomor¬ 
phic and anti-holomorphic derivatives. In the sum I -f II-|- III -b IV there is no mono- 
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mial of the form djS^^Kj. Moreover, one can show that the coefficient of the mono¬ 
mial S^^djKj which involves is not vanishing for general geometries. It fol¬ 

lows that terms of the form S^^d^Kj must be total derivatives with respect to dj. This 
leads to the following definition of the propagator 5'-' which is a non-holomorphic 
section of ® T^ 

= (18) 

Then we can further simplify the quantities I — IV as follows: 

- c\djS^Kj - , 

II = -\s^^d,dj[Cj„,nSn - \c^S^^d^djKj , 

III = + c^KjdiS^ + 

-\Cjkr,CunnSH'''^diS^' - \c^Cjkr,S^^djSP'Kr - , 

+CyrKjdiS^ - ''-cy,CjkpS^^d-,K,S’’^ + . 

Again to turn KjdjS^ = dj{KjS^) — S^djKj into a total derivative, we need to define 
a propagator S which is a non-holomorphic section of so that 

djS = GjjSj. (19) 

Now the terms I, II become 

T = -^Cj„,nQrsdrS"'"Sj^S'-^ - 

-^CxQrsdjKjS^'S'-^ - cldjiS’^Kk) + cldjS - cS'^) , 
fl = -^-S^^dkdj(Cj„,nS’n - ]^C^Si'^dkdjK,. 

It turns out that after introducing these propagators, the quantity I -FII -F III + IV 
becomes a total derivative. Before we show this, we make a pause and study the 
derivatives of quantities ,S,Ki. They will be needed later, for example, to 

simplify II. 
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3.2 Differential ring of propagators 

We use the definition of the propagators Eqs. (flSl fTSl [T9] l and the relations Eqs. (|5j 
[8ll to derive the differential ring structure. The results in this section follow the 
presentation in IIAL07I . 

To obtain an expression for in terms of known quantities, we compute 

djDiS^^ by commuting the derivatives, then we integrate what we get to obtain the 
desired expression. Since by definition is a section of .if (8) Sym®^7’we 
know when acting on the covariant derivative is given by Di = di +Ft + {—2)Ki, 
hence 


~djDiS^'^ = dfidiSj'^ + - 2KiS^'‘) :=A + B + C+D. 

Then 

A = diCf = 

= 2KiCf- + G'^’^diCj-^j. 

Since Cijt is holomorphic, Cjj^j is anti-holomorphic, the last term above is 0. It fol¬ 
lows that 

A = + e^^^diGJj G’^'^Cj-^j + e^^G^j diG^'^Cf^j + e^^G"" 

= 2KiCf + e2^(-f^/G''^')G“% + + 0 ■ 

Similarly, 

B = = {5lG^+ 5lf}^-Ci^,a^)S^Fripf , 

C = diFiS^J + fj^diSG = (5fG„,-+ 5„'G,- G„,cf , 

D = -2GijS^’^ -2KiCf. 

It follows that 

A+B + C-f-D 

= KiCf + e^^{-r.lG''J)G'^~^Cj-^f+e^^Gj^{-f^G^'^)Cjif + Q 
+5/G,„,-5”’^ + 5iG,.,-5'"'^ - + F^ff 

-t-5f G„,-5"^' -f 5^GaS"j - CintCfsG + F^C"/ - 2GfiS^^ - 2KiCf 

= KiCf + e2^(-f]/G''^)G“Cjj,-+ + 0 

+5/G„,-5'''^ + - Cin„CfJ^ + Fiff 

-f G„,-5"^' + G,.;W’^' - CintCfsG + F^Cf -2G-2KiCf. 

Using the definition G^^jS"'^ =Sj = djS'^, we get 
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A+B+C+D 

= KiCf + + + Q 

AdldjS'^ + + r-icf 

+ 5 * 5 / 5 ^' + - Cin,CfS"j + r^cf -IGijS^'^-lKiCf- 

+ 5 / 5 ,- 5 ^^ - Ci,n,c‘Js'"'^+riff + dfdjS^ - Cinffs’'^+rlcf. 

According to = -'djS^^S'"’^ = -dj{S'^S'f+S’^~djS^''^, we then obtain 

A+B+C+D 

= e^^{-rlGfG’^^Cj-,jre^’^&\-rlGfCj-,j 

r~dj{5ls^ + - Ci,ntS*^S’f + Ci,ntS*jdjS’^'‘-Ci„rCfS"j+riff+f’^cf 

= ~dj{d/s^ + df^-CtmtS^js'f. 

Therefore, 

- Ci„tnS^"S''^’‘ + if ( 20 ) 

for some holomorphic quantity hf 

The quantity can be obtained in the same manner: 


fiDiS^) 

= f{dfj-2KiSj+rls’') 

= diSj + fi-iKfj) + 'diiris'-) 

= diiGifS'j) - 2GaSj - 2Kidf + dfls^ + rldjS^ 

= dfifS'j + G,fdiS‘j - 2Gif - 2Kidf + djrls''+rldjS’' 

= dfifS'j + GifdiS'^ - 2Gif - 2KidjS^ + (5/g,,-+ 5/G,.,— C,>r(^-05'' + 

= dfiiS'^ + GiiiDf'^ + 2KiS'^ - flS'^j-risf - 2GiiS^-2Kidf 

+ ( fG^ + 5/G,,- - Cirt^i )S^ + 4 djS^ 

= rfG,„iS’j + G,iiDiS’j-rlf'f-2G,iSJ + (5/g,,-+ fG^i-CMCfs^ 

= GijDfj - 2G.jSi + (5/g,,-+ 5/G,,— CirtCffs^ 

= Giiidf^ + 5/5' - + if) - 2G,4 + (5/g,,-+ 5/G,,- CirtCffs^ 

= 25/5,-5 - G,fu^S'‘S'”j - CirtfS' + G,jhl. 

Since 

Giftnf^S'G = diK,Ci„,rS‘’S'"^ = 'djSfimtS'"^ = 5,-(5'C,>„,5'">) - Sfimt'diS"'^ , 
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we then get 


~dj{DiS^) = Id/dfS - di{S‘Ci„,rS'^j) + Giih‘/. 

Hence 

DiSj = 25/S-Ci„,nS'^S'^j+K,h‘/ + hi (21) 

for some holomorphic quantity hj. 

In the following we shall calculate diDiS: 

djDiS 

= dj{diS-2KiS) 

= di{GaS') + ~dj{-2K^S) 

= diGijS + GijdiS - 2dj{KiS) 

= diG,jS + Gij{DiS’ + 2KiS - riX) - 2dj{KiS) 

= G^jF/l's' + G„-(25/5 - + h‘/^Kk + h\) + Gij{2K,S^ - r/^S’") + dj{-2KiS) 

= G,r{-Ci„,nS'’^S'‘‘ + h‘'^Kk + h'i) 

= -Ci,nn~djS'^S’^ + djKihi'^Kk + ~djKih{ 

= -~dr{^S''Ci„,nS'’') + ~dj(^-h‘tKkKi) + ~dj{K,h\). 

So we get 

DiS = - + ]^hfKkKi + K,h\ + /r,-. (22) 

for some holomorphic quantity /z,. 

Now we calculate DiKj as follows. According to DiKj = diKj — FJ/Km, it follows 
that 


dj{DiKj) = diidiKj-rJ'%n) 

= d,K^j-dj{r;f)K,n-r;fK,„j 
= r]TG„,j- (5f drGji-Cji„cr)K,n-r;/K,„j 

= -GaKj - GjiK, + CjinCf’^K,„ 

= -dj{KiKj) + Cj,n~djS’'^'^K,„ 

= -~dj{KiKj) + dj{CjinS"'’^K,n) - Cji„S"'''~djK,n 
= -dj{KiKj) + ~dr{Cji„S'^’’K„) - CjinS"'"G„j 
= -~dj{KiKj) + ~diiCjinS'^’'K„,) - CjindfS" 

= ~dj{-K,Kj + Cj,nS""'K„, - Cj,nS") . 


Therefore, 
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DiKj = -KiKj + - Qj„S" + /t,y (23) 

for some holomorphic quantity /t,y . 

We want to point out that the holomorphic limit of the differential ring of gener¬ 
ators ,S,Ki also satisfies similar equations, with everything replaced by their 
holomorphic limits HALM 101 . 

ik j 

Some of the holomorphic quantities h - , hj, hi,hij can not be uniquely determined 
PALM 101 . as briefly discussed in Section U^ below. since the above equations are 
derived by integrating equations. Eqs. (l20l ISTl |2^ l23t do not actually give a differ¬ 
ential ring due to the existence of these holomorphic quantities and their derivatives. 
To make it a genuine ring, one needs to include all of the derivatives of these holo¬ 
morphic quantities PHoslOI . In IIYY04I IHos 10||ASYZ13I . it is shown that for some 
special CY 3-fold families, all of the holomorphic quantities and their derivatives 
are packaged together by making use of the special Kahler geometry on the mod¬ 
uli space, and are in fact Laurent polynomials of the Yukawa couplings. Then one 
gets a differential ring with finitely many generators, including the non-holomorphic 
generators 5^^, 5^, 5, A) and the holomorphic Yukawa couplings. 

Now we shall focus on the cases li^’^(X) = dim./# = 1 and consider the differen¬ 
tial ring structure of the generators with derivatives taken in the T = (1 /2Ki)K^^F,t 
coordinate, where K is the classical triple intersection (of the A-model CY) and t 
is the coordinate defined in Eq. (fTOl i. This definition was introduced flABKOSI to 
match the known modularity for the moduli space of some non-compact CY 3-folds 
whose geometries are completely determined by the mirror curves sitting inside 
them, see also flASYZ13IIZhol3IIAlil4l for related works. Eirst one makes the fol¬ 
lowing change of generators IAL07I ; 

= 5 ", 

S' = S' -S"K,, 

S = S-S'K, + ]^S"K,K,, 

K,=K,. 

Then one defines T = (1 /2ni)K^^d,Fr which gives ^ = (1 /2ni)K^^Cttt. After that 
one forms the following quantities MASYZ13I on the deformation space ^: 

Ko = KC„t\et)-\ 

Gi = 9t, 

K2 = KC^t^Kt , 

T2=S", 

7'4=C,7/5', 

T6=C„^S, (24) 

where 0 = and the propagators are the normalized (by suitable powers 

of A** so that they become sections of .if*') propagators. It follows that the derivatives 


















14 


lie Zhou 


of the generators given in Eqs. ( l20l 1271122112^ now become IIASYZ13I the following 
differential equations satisfied by Ko,Gi,K 2 ,T 2 ,T 4 , Tg: 

d,Ko = -2/:o^2-4G?fe + 3(4 + l)), 

drGi =2 GiK2- kGi T 2 + KoGI (4 +1), 

d.,K 2 = 3kI - 3 kK 2 T 2 -k^T4 + kI G^k,, - Kq g\ K 2 4 ,, 

d,T 2 = 2 K 2 T 2 - KTi + 2 KT 4 + K-^K^Gjhl^, 

4 T4 = 4K2T4 -3KT2T4 + 2KTe -Ko g\ 744 , - K -*4 Gt 724 + G%, , 

4 76 = 6772 76 - 6 tf72 76 + I - K- T 4 4 

+K-^K^G\k-2KoG]T6hl,,, (25) 

where and the quantities 4 zj 4 ; 4 i 4 >^zz ’^2 some holomorphic 

functions. It turns out that they are polynomials of the quantity Co = 0\og{z^Czzz) 
which satisfies 

4Co = Co(Co + l)G?. (26) 

For special CY 3-fold families these explicit polynomials could be found in 0ASYZ13I 
IAlil4l and will be discussed later in Section|4] In the rest of the note, we shall call 
this particular form of the differential ring the special polynomial ring. 


3.3 Polynomial structure 


Let us resume the discussion on genus two holomorphic anomaly equation. Direct 
computation shows that 

fl = - ]^Cy,S^^~d-,d,Kj 

= -\dkCpnnS^^~djS’-” - + 277 , 5 ™' - 

-\c2cS^'^dj{DkKj+rl^Ki) 

= -\dkCpnnS^^~diS’’'’' 

+ Sis’- - - i4>„„5^'4K27:,5“” - 

-\c2,S^%{-K,Kk + - Cj.pSP) - ]^c2cS^%{fI^Ki) . 


It follows then that 
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I + II + III + IV 

= -\cpnnCkrsdlS'^’'S^'^S^^ - \cCjn.ndjS""' 

- ^-c^CkrAKjS’^^S’-^ - cldjiS’^Kk) + cldjS - c^djifl'^S'^) 

+ -\dkCj,n„Sj^~djS""' 

-\cj,„„sj^dj{5rs'^ + 5^S"' - Q,„SP’V'’) - 

-yxS^'dj{-KjKk + CjkpSP% -CjkpSP) - y^S^%r‘jK, - ^c^S^^r‘j~djK, 

+ Ic.nnS^’^djrjpS"''^ + \c,sj^djrl,Ki + \fls^'^djrl, 

+ ^-Ci„,„Si%dX'' + yzS^%djK, 

5 " + 5i;s"' - a,„sP'’'sn - - r.'^sP" - r,;spn 

+fj'^drSJ - 4dr(s%)+cldjS- c^djifl^'^s^) + c^djis^Kj) -c^djS. 

Now we make use of the fact that Dj^Cjmn = D^D jD,nD„^ is symmetric in j,k,m,n 
to simplify the above expression. By definition, we have 


jmn — k)j^Cjinn 2.Ki^Cjnm “t“ i~}ijClmn d” jin “f jfnl ■ 


(27) 


dkCjninSJ'^djS"'” 

= DkCjinnSj'^djS”^" - IKtCjmnS^^S'"'^ 

I r^/ c Zl c^nn i r^/ c Zl c^nn < r-’l c Zl c^nn 
+i-ki^lmny Ojb +Lj^j^Ljlny Op +Lf^^Ljmiy Ojd 

= ^-idj{DkCjinnSJ^Sn-djDkCj,nnSj'‘Sn 

-IKkCpnnS^^S’^’' + riljQninSj^'djS"'" + rj^mCjmS^’^'djS'"'' + rl„CjmlS^'^'djS’^’' 

= \^i{D,CjninS^'^Sn 

- C„n,Ar‘jSj^S"^'’ - CjindjTi^sH'"'^ - CjmidjTlsHn 
-lKkCjninS^%S'^''^TlfMnS^^~djS'^''+Tl^CjinS^%S'^ . 
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Therefore, we obtain 

T+n+iii+iv 

-^-Cjp,CkrsdlSP‘lSj’^S^^ - lc,mnCjk„Sj'‘djS'’'S"‘” 

+f^'^djSj - cldjiS'^K,) + cldjS - c^djifl^^S'‘) + c^djiS^Kj) - c^djS 

= + j^Cj^„C,p,~dj{SJ'‘S’’'”Sn - Icjp.QrsdiiSP^S^^n 

-\c^Cj,pdj{K,S^^S'’‘^) - 

+ffdjSj - cldjiS’^K,) + cldjS - + c^di{S^Kj) - Cy,djS. 

It follows that 

(28) 

= dj[-^-{DkCj,nn)S^'^S'-'' + ^CpnnCkppSi'^SP’^S^" - ^-CjppCkr.SP^S^’^S''^ 

-\cxCjkpKc,sHP‘> -\fl''^CjkpS^’^SP^ 

+ff^S^ - cls’^Kk + clS - + Cy,SiKj - c^S]. 

Therefore, we can see up to the addition by a holomorphic ambiguity the genus 
two topological string partition function is a polynomial of the propagators 
and the generators Ki. 

In fact, it was originally shown in IIBCOV94II that a solution of the recursion 
holomorphic anomaly equations is given in terms of Feynman rules. The propaga¬ 
tors 5'-', S\ S for these Feynman rules were defined in Eqs. (I15I181[T^ : 

djSJ>^ = cf, djS^ = GikS^\ diS = Gi,sK (29) 

The vertices of the Feynman rules are given by the functions = Di^ 

For example, for genus two, the above topological string partition function in 
Eq. (l28l l has the form 

2 2 8 

+ ^-S^’^CjkpSP‘^C„nnS""^ 

+ - 1)5 + /P), 
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for some holomorphic function Each of the terms involving the propagators 
,S has a diagrammatic interpretation and corresponds to the contribution of a 
specific boundary component of the moduli space of genus two stable curves, see 
MBCOV94I for details. 

Motivated by MBCOV94I . in OYY04IIAL07I it was proved, using Eas. (ISlIHIfT^ 
[nil, that the holomorphic anomaly equations Eq. (fl4li for g >2 can be put into the 
following form 

dj^(s) = ^ (30) 

where a polynomial in the generators ^S,Ki with the coefficients being 

holomorphic quantities which might have poles. The proof relies on the fact that 
these generators form a differential ring OAL07I as displayed in Eqs. (12011211 l22ll23t 
and recalled below: 

DiSj'‘ = 5is'‘ + 51^SJ - + /if , 

= -Ci,nnS'"S^'^ + 28is + h^^Kk + hl, 

D,S = - + hcKmKn + h'J'K.n +hi, 

DiKj = -KiKj + CijmS'^^Kn - CijmS"' + hij , (31) 


ik i 

where /i; ,hj,hi,hij are holomorphic quantities. 

Now we justify the structure in Eq. dlOl l by induction, following IIAL07I . Note 
that the non-holomorphicity of the topological string partition functions only comes 
from the non-holomorphic generators S'^,S‘,S,Ki and thus the anti-holomorphic 
derivative on the left-hand side of the holomorphic anomaly equations can be re¬ 
placed by derivatives with respect to these generators. Eurthermore, one can make a 
change of generators MAL07I : 

S'j = Yf 

S' = S‘- S'jKj, 

S = S-S'Ki +ls‘j KiKj, 

2 

Ki = Ki. (32) 

The differential ring structure among these new non-holomorphic generators fol¬ 
lows from Eq. (IHI l easily. Replacing the dj derivative in the holomorphic anomaly 
equations by derivatives with respect to the new non-holomorphic generators and 
using the definitions Eq. (l29l l, one then gets. 
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‘ y dsj^ 


1 - 1 - 1 - - \ 
- ^K: - —Kk H- ^KiKk 

2 dS^ ^ 2 dSJ 2 dS ^ j 


= \cf ( Y, +DjDk^^^- 


<g-i 


vr=l 


'Gi; 


d^M 

~W~ 


Assuming the independence of Cj^ and Gip then one gets two sets of equations: 


d^^s) 1 5^{g) . 1 d^(g) . 1 5^(g) . . 

dSJ^ 2 dS^ ^ 2 dSJ 2 dS ^ 

g-i 

r=l 

d^(g) _ 
dKj ~ 


(33) 


Eq. (l30l l then follows from the above equations and Eq. (ISTl i. 

The polynomial structure given in Eq. (l30l l also allows to determine the non- 
holomorphic part of genus by genus recursively from Eq. (l33]) as poly¬ 
nomials of the new non-holomorphic generators S‘^ ,S‘,S,Ki and thus of the old ones 

S‘^,s\s,Kr. 

^is) ^ ^ig)(^S‘J,S',S,Ki). (34) 

Moreover, the coefficients of the monomials in these non-holomorphic generators 
are explicit Laurent polynomials in the holomorphic generators, with the coeffi¬ 
cients of the monomials in the non-holomorphic and holomorphic generators being 
universal constants. These constants come from the Eeynman diagram interpreta¬ 
tion OBCOV94I . or equivalently, the combinatorics from recursion. They are inde¬ 
pendent of the geometry under consideration. Eor example, for any geometry, the 
highest power of S‘^ in the genus two partition function in Eq. (l28l l always takes the 
form + 


3.4 Solutions of propagators 

To obtain explicit results for one needs to get formulas for the propagators 

S'^,S' ,S,Ki. The generator A) could be obtained by using its definition as the Kahler 
potential for the WeiTPetersson geometry Eq. (|4]i and the periods of the CY fam¬ 
ily Eg. ([Tol l. The generators S‘^,S‘,S can be solved from Eg. (|29]|, up to addition 
by holomorphic quantities. A special set of solutions whose holomorphic limits are 


^ This assumption is reasonable since these quantities have different singular behaviors when writ¬ 
ten in the canonical coordinates at the large complex structure. 
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vanishing was given by BALM 101 IHoslOl in terms of geometric quantities. Alterna¬ 
tively, they could be determined BALM 101 from the differential structure Eq. (ISTT i: 

5'' = (c-' + 8‘k, - rjj + sij), 

S=^ {DiS‘ + - hfKk - h\) , (35) 

or equivalently 

S' = {C -' y^{-D,Kj - K^Kj + C^jkS'^'Ki ^Kj) 

5 = i {DiS' + - hfKk - , (36) 

where the sub-index * is chosen so that the matrix ((C*)/;) is invertible. These for¬ 
mulas are useful BALM 101 in analyzing the degrees of freedom of the holomorphic 

ik i 

quantities h - , h -, hi,hij. Moreover, in the one-modulus case for which the dimension 
of ^ is one, they also tell that the set of non-holomorphic generators S^^,S^,S,Kr 
is equivalent to the set of generators considered in BYY04B and the 

differential rings are thus identical. By using the latter set of generators, the differ¬ 
ential structure follows from the Picard-Fuchs equation for the quantity and the 
special geometry relation Eq. (|5]l, see BYY04I for details. 

For non-compact CY 3-folds, one can choose a very simple set of generators due 
to the existence of a constant period. More precisely, according to Eqs. (l4l[T^. one 
can see that the holomorphic limit of Ki is zero. Then from Eq. (l36l l it follows that 
by choosing vanishing we can arrange so that the holomorphic limits of S', S 
are zero, see BALM 101 for more detailed discussions on this. This sometimes makes 
the calculations easier when computing the quantity from recursion. 


4 Connection to modular forms 

After determining from recursion by using the polynomial structure, one can 
then try to fix the holomorphic ambiguity by using the boundary conditions. We 
are not going to explain this due to limit of space, but we refer the interested reader 
to e.g., BBC0V93IIBC0V94| FI 

In this section we shall emphasize the connection ( BHK07IIABK08I IHoslOl 
IASYZ131 IZhol3l IAlil4l l between the differential ring generated by S'yS',S,Ki 


® See also IMM99IIKKV99IIKZ99IIKKRS05IIYY04IIKM08I |HKQ09| IABK08IIHK07I lALOTl 
IGKMWOyilALMlOIIHKROSllHKlOllS^knilASlIllKMWOllASYZTTr for related works. 
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and the differential ring of modular forms. The reason for this expectation is that 
in some nicest cases, the topological string partition functions are known to be 
almost-holomorphic modular forms (see for example |Dij95 IKZ951IMR1 lllLil^ l 
and are thus polynomials in the generators of the ring of almost-holomorphic mod¬ 
ular forms. The similarity between the differential ring structure in the propaga- 
tors/holomorphic limit of propagators of the special polynomial ring Eq. (l25l l and 
the polynomial structure of the ring of almost-holomorphic/quasi-modular forms 
seems to suggest a connection between them. 


For the Kfi family (each member of the family is the total space of = 
but the Kahler structure varies), the mirror family can be constructed 
following the lines in IICKYZ99II using Batyrev toric duality IIBat94l , or using the 
Hori-Vafa construction IHVOOI . For definiteness, the equation for the mirror family 
obtained by the Hori-Vafa method is displayed below: 

uv-H{yuy2-,z)=0, {u,v,y\,y 2 ) G x (C*)^ 

where H{y\,y 2 ',z) = yiy 2 {—z.+yi +^ 2 ) + 1 and z is the parameter for the base ^. 
The mirror family 3^ ^ comes with the following Picard-Fuchs equation: 

^0^-27z0(0 + ^)(0 + ^)^ (j) = 0 for a period 0,0 =z^- 

The coordinate z on ^ is chosen so that z = 0 is the large complex structure limit 
and A = 1 — 21 z is the discriminant. For this case, the quantity K which appears in 
Eq. (I 25 I 1 is — 5 . Then in Eq. (l24l) we hav^X, = 0, we can arrange so that 

74 = 76 = 0 , 

by choosing 

41 ., 1 ..1 

=- 1 - '= - =- 

3 64 ’ ^ 3642 ’ '^zzz 2A ■ 

It follows that the special polynomial ring in Eq. ( |25] | becomes MASYZ13II : 
dxCo = Gi Co, 

d,Gr = \{2G,T2 + G\{^^y 



Moreover, in MASYZ13I it was shown that for this case the moduli space can be 
identified with the modular curve ro(3)\J^*. Under this identification, the points 
z = 0,1 /27 are identified with the cusp classes [t] = [/oo], [0] respectively. The gen- 


2 This is due to properties of special Kahler geometry and the particular form for the Picard-Fuchs 
equation, see IBCOV94I for details. 
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erators given in Eq. (l24l) which can be computed by using Eq. (l35T l or Eq. ( l36l l are as 
follows: 


T2 = -{E2{t) + 3E2{3x)), 

Gi = 02(2 t)02(6t) + 03(2t)03(6t), 


Co =27 


7?(t) 


12 


They are essentially the generators for the ring MKZ95I of quasi-modular forms 
M{ro{3),X-s) for the modular group fo(3), with the sub-indices corresponding to 
the modular weights. The differential ring structure in Eq. ( |25] | corresponds to the 
Ramanujan-like identities among these quasi-modular forms, see 0ABKO8I Zag08 


IMai09l IAS YZ1 31 IZho 1 31 and references therein for more details on this ring and its 
application in studying the modularity of topological string partition functions. 

Similarly, for certain mirror families of Aidp„,« = 5,6,7,8, one can identify 
IIASYZ13I the moduli spaces with certain modular curves and show that the dif¬ 
ferential rings Eq. (l25l l are identical to the differential rings of quasi-modular forms 
with respect to corresponding modular groups. 

Assuming the validity of mirror symmetry for these families of CY 3-folds, we 
can then show that if the solutions to the holomorphic anomaly equations for the 
B-model CY 3-fold family exist and are unique, then the generating functions of 
Gromov-Witten invariants for the A-model CY 3-fold family are quasi-modular 
forms flASYZ13l . In fact, the existence and uniqueness for the Kp 2 case are proved 
in 0Zhol4l which imply a version of integrality for the sequence of Gromov-Witten 
invariants for any (fixed) g. 


Eor the mirror quintic familv OCdLOGP9 ll k: 3E ^ , the Picard-Euchs equa¬ 

tion is given by 

( 1 2 3 4 \ ^ 

0'^-5^z(0-t--)(0 + -)(0 + -)(0-f-) ) 0 = 0 for a period 0, 0 =Zt—. 

5 5 5 5 ) dz 


We choose the usual z coordinate as the local coordinate on the moduli space ^ 
so that0 z = 0 gives the large complex structure limit and the discriminant is A = 
1 — 5^z. In this case, the classical triple intersection in Eq. (l25T l is K — 5. We then 
choose the following ambiguities IIYY04I lHosl0llAiil2IIASYZ13l : 





2 2 


Now the holomorphic quantities in the ring Eq. ( l25l l are polynomials in j. More¬ 
over, we also have Cq = dxCo = Co(Co -F l)/foGi which tells that 


* This is related to the y/ coordinate in ICdLOGP91l by z = (Syr) 
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the derivative of j sits inside the ring generated by /To,G 1 ,^ 2 ,72,74,76,Co. More 
examples on compact CY geometries can be found in IIAlil4l . 

For compact CY 3-folds, the period domain is in general not Hermitian symmet¬ 
ric and the suitable theory of almost-holomorphic modular forms and quasi-modular 
forms is not known. Hence one can not say much about the connection between this 
ring and the ring of modular objects. Nevertheless, the rings of quantities generated 
by 770,01,7^2,72,74,76,Co, which are defined from the special Kahler geometry on 
the moduli spaces of complex structures of CY 3-folds, share very similar proper¬ 
ties to those of the rings of almost-holomorphic modular forms defined on modular 
curves, see OHoslOIIZhol3l for more discussions on this. 


5 Conclusions 


We first showed how to solve for the non-holomorphic part of by introducing 
the propagators S'^,S‘,S. We then derived the differential ring structure of the ring 
generated by these propagators and 77,. After that we proved by induction that for 
any g, the non-holomorphic part ^ polynomial of the generators and can 

be solved recursively genus by genus. For some special non-compact CY 3-fold 
families, we pointed out that after the identification between the moduli spaces of 
complex structures with modular curves, the generators for the special polynomial 
ring become the generators for the ring of quasi-modular forms, and the differential 
ring structure is identified with the Ramanujan-like identities for the quasi-modular 
forms. 

It would be interesting to see whether these rings could help construct ring of 
modular objects (see for example flMovl H I. and how the global properties of the 
generators could help solve for the topological string partition functions from the 
holomorphic anomaly equations with boundary conditions for more general CY 3- 
fold families. 
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